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1. Introduction 

A method for verifying the adequacy of time 

series regression models is the portmanteau test 

proposed by Box and Pierce (1970). The test was 

subsequently modified by Ljung and Box (1978) 

in response to Davies, Triggs and Newbold (1977) 

who argued that for moderate sample lengths, the 

true significance levels were likely to be much 

lower than predicted by asymptotic theory. Ljung 

and Box (1978) concluded that the modified test 

provided an improved approximation that would 

be adequate for most practical purposes. Since 

then, the modified portmanteau test has become 

a popular aid in model diagnostics and is used 

extensively in practice. 

Let f?(l), . . . , i?(n) be the standardized residu- 

als from fitting a time series regression model, 

and let 

i(k) = 5 Z(t)P(t-k)/ k;‘(t), 
t=k+l t=1 

k= 1, 2,..., 

be their autocorrelations. If the model is correct, 

the Ljung-Box-Pierce Q-statistic 

Q(;)=n(n+2) E (rAp1i2(k) (1.1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k=l 

is asymptotically distributed as x2 with m -p 

degrees of freedom (d.f.) where p denotes the 

number of parameters in the model (if the model 

is autoregressive-moving average, then p is the 

sum of the autoregressive order and the moving 

average order); see Box and Pierce (1970) and 

Ljung and Box (1978) for details. This approxima- 

tion yields a general test for lack of fit. 

In practice, one often encounters time series 

data where observations are missed. Various 

methods for fitting time series models to data 

with missing observations exist (Jones, 1980; Dun- 

smuir and Robinson, 1981a; Shumway and Stof- 

fer, 1982; Harvey and Pierce, 1984). These meth- 

ods can be used in conjunction with overfitting 

and with information based goodness-of-fit crite- 

ria such as AIC or BIC that address the question 

of the model order in fitting autoregressive-mov- 
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ing average models to time series data. The pur- 

pose of this note is to recommend a missing data 

modification of the Ljung-Box-Pierce portman- 

teau test for checking whether the residuals from 

a model fit are white. 

2. Missing data mechanism 

Let {y(t)} denote the data, and let {a(t)} be a 

stochastic sequence such that 

u(t) = 
0 if y(t) is missed at time t, 

1 if zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy(t) is observed at time t. 

Let y(t I t - 1) be the prediction of y(t) based on 

the observations available at time t - 1, and e(t) 

be the standardized innovation, 

e(t) =a-‘(t)(y(t) -_y(tl+ I)}, 

where 

a*(t) =Var{y(t) -y(tlt- 1)). 

We assume that e(t) has finite fourth moment. In 

this way, we define the set of standardized inno- 

vations in the missing data problem as 

z(t) =a(t)e(t). 

This technique of accounting for missing data 

was first introduced in Parzen (1962); his primary 

objective was to perform spectral analysis with 

missing or irregular observations. Since then, a 

number of authors have used this technique in 

the spectral domain (see Dunsmuir and Robin- 

son, 1981a, for a review) and a few have used this 

methodology successfully in the time domain 

(Dunsmuir and Robinson, 1981a; Stoffer, 1986). 

Define 

C,(k) = (n A-’ 2 a(t)a(t-k), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f=k+l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

k=O, l,..., 

and assume throughout that as IZ + 00, C,(k) --) 

8,(k) # 0 almost surely, for each finite k = 

0, l,.... For the (t(t)) process, we define 

C,(k) =n-’ 2 z(t)z(t-k), k=O, l,.... 
f=kfl 

Parzen (1962) and Dunsmuir and Robinson 

(1981a,b) suggested that the autocorrelations 

p,(k) = corr{e(t), e(t - k)} be estimated by 

r,(k) = C,(k)/C,(O) 

where 

C,(k) = CZ(k)/C,(k) 

provided that C,(k) # 0. Note that if there are no 

missing observations then C,(k) = 1 for all k, 

and r,(k) corresponds to the usual definition of 

sample autocorrelation. 

If the model is correct, then under the condi- 

tions stated above, nl/*re(k), for k a 1, are 

asymptotically independent normal random vari- 

ables with mean 0 and variance 13; ‘(k) (Dunsmuir 

and Robinson, 1981b, Corollary 2). From this 

result and following Box and Pierce (1970) we 

could establish a portmanteau x*-statistic in the 

missing data case based on the the fact that the 

distribution of 

Q*(r,) =n ? C,(k)rz(k) (2.1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k=l 

is approximately ,Y:. However, heeding the warn- 

ings of Davies, Triggs and Newbold (1977) and 

Ljung and Box (1978), we investigate finite sam- 

ple properties of such a quantity. 

3. Mean and variance of r,(k) 

To investigate the finite sample properties of 

r,(k), we consider approximating sequences of 

expectations via Taylor expansions (Fuller, 1976, 

Section 5.4). If Ix,} is a sequence of q-dimen- 

sional random vectors and g is a function map- 

ping [wq into [w, then under appropriate condi- 

tions (that can be easily verified for this problem 
- see Fuller, 1976, Theorem 5.4.3) 

E{g(xJ} =g(EL) + E{D%(p) .3(x-d’} 

+ q 53 (3.1) 

where Jo = E(x,), 5,” = E I x, - p I 3, and 

D2g(p). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(x - PI2 

=t  5 

g(iL’i2)( P)( xi, - Pi,)( xi, - Pi,) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
i,=l i,=l 
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where 4. The modified portmanteau statistic 

g”q p) = tPg( x)/ax,, axi2 I x=p. 

We further assume that 19,(k) = E{a(t)a(t - k)l 

(that is, C,(k) is unbiased for B,(k)), and that the 

sequence {a(t)} and {e(t)) are independent. First 

we evaluate Cov{r,(h), r,(k)} via (3.1). Let 

x, = (C,(h)7 C,(k)7 C,(O), 

In view of (3.2) and following Box and Pierce 

(1970) and Ljung and Box (1978), we define the 

quantity 

Q(r,) =n* E (n-k)-‘C,(k)rz(k), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k=l 

C,(h), C,(k)7 C,(O))‘7 

let g(x) = (x,x,x~>/<x~x,x,), and note that 

g(p) = 0. To evaluate the second term in the 

expansion (3.1), the only terms that are non-zero 

have 

which, based on our assumptions, has an asymp- 

totic ,Y: distribution. 

Now let e^(t> be the innovation based on the 

parameter estimates obtained from the model fit 

and define the set of estimated residuals in the 

missing data problem as 

g(1~2YcL) =g(2%) = e,‘(O)/(e,(h)e,(k)y,(O)} 

where r,(O) = E{C,(O)} = 0,(O). Hence, 

CovIr#+ G(k)} 

i(t) =u(t)f?(t), 

in a manner analogous to Section 2. Continuing 

the analogy, put 

= @,(h)%(k))-’ CovIC,(h), C,(k)) 

+ o(5n3). 

e,(k) =n-’ 5 i(t)i(t-k) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t=k+l 

and 

Since the e(t)‘s are independent, we have that 

Cov{C,(h), C,(k)} = 0 for h # k. When h = k a 1, 

note that 

t=(k) = C,(k)&(O), 

( 
t=~+lG41 - k)e(f)e(t -k) 

i 

2 

E 

where t?,(k) = &,(k)/C,(k) provided that C,(k) 

# 0. Hence, define the statistic 

= (n -k)0,(k) 
Q(?,) =n* 5 (n -k)p’C,(k)Fi(k). (4.1) 

k=l 

so that 

Var{C,( k)} = (n - k)0,( k)/n2. 

Next, expanding (r,(h)r,(k)) through third or- 

der terms and using Fuller (1976, Theorem 5.4.11, 

we may establish that the expected value of the 

third order moment is O(n-‘). Combining these 

results we have 

Var{r,( k)} = (n - k)fl;‘( k)n-* + O(n-2), 

(3.2) 

while Cov{r,(k), r,(h)} = 0(np2) for h #k > 1. 

In a similar manner, we may use (3.1) to establish 

the fact that E{r,(k)} = O(K~) for all finite k a 

1. 

As in the case of Ljung-Box-Pierce statistic, 

the asymptotic null distribution of (4.1) is x2 with 

m -p degrees of freedom. This can be shown by 

following the Taylor expansion argument of Box 

and Pierce (1970, Section 2), and we will sketch 

the details shortly. But first, note that if there are 

no missing observations (that is, u(t) = 1 for all 

t), then C,(k) = 1, f:(k) = P*(k), but the multi- 

plier of the weighted sum of autocorrelations is 

n2 rather than the familiar n(n + 2) that appears 

in the original Q-statistic, (1.1). The reason for 

this difference is that (1.1) is based on normal 

theory whereas (4.1) is not. Nevertheless, the 

asymptotic properties of the statistics Q(p) and 

Q<?,> are the same in this case. 

To establish the null distribution of (4.1) we 
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restrict attention to the case of autoregressive 

models. Expanding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF=,(k) we have 

Fe(k) =r,(k) + i ~~j-~j)~jk+Op(n-*) 

j=l 

where Jjk is the negative of the partial derivative 

of r,(k) with respect to Jj. Using the asymptotic 

equivalence of r,(k) and r(k) (Dunsmuir and 

Robmson, 1981b, Theorem 1) and the consistency 

of +i for 4j we obtain the same approximation 

for Sj, as described in Box and Pierce (1970), 

namely, gjk = *k_j, where the I)~_~ are the usual 

$-weights obtained by writing the autoregressive 

process in terms of an infinite order moving aver- 

age. 

Define the m X m matrix C, = diag(C,(l), . . . , 

C,(m)), and m X 1 vectors Fe = (f&l), . . . , Pe,<m>>, 

and re = (r,(l), . . . , r,(m)), so that approximately, 

for large II, 

Ci/*i, = Ci12re + Cl/*X( 4 -  C) (4.4 

where 4 is the p X 1 vector of parameters, and X 

is an m x p matrix whose jkth element is $k_j 

where $k_j = 0 if k -j < 0. 

If the model is correct, the Z(t)‘s are asymptot- 

ically uncorrelated so that PC,(k) + 0 almost surely 

as IZ + ~0 for k > 0. Thus, since C,(k) + B,(k) 

almost surely as n + CC we have that, approxi- 

mately, for large n, 

X’C,f, = 0. (4.3) 

Define the m Xp matrix A = C,‘/*X. Multi- 

plying (4.2) by D = A(A’A)-‘A’, in view of 

(4.3), establishes that, approximately, for large 

n, Cf/‘F, = [I -  D]CL’2r,. Since CJ/*r, N 

AN(0, n-‘I), where AN denotes asymptotic nor- 

mality, it follows that C,‘12i, N AN(0, n - ‘[I -  

D]), where Z - D is idempotent of rank m -p. It 

then follows that the approximate distribution of 

QV,> is x2 with m -p degrees of freedom. 

5. Empirical studies 

To study the null behavior of Q<?,> for moderate 

sample sizes, Monte Carlo studies were per- 

formed on AR(l) models based on 1000 replica- 
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Fig. 1. Monte Carlo distribution of Q(?,) for an AR(l) model, 

$J = 0.3, based on 1000 replications, n = 100, m - p = 20, and 

25% missing data (solid line); distribution function of xi,, 

(dotted line); corresponding empirical distribution of Q*VJ 

(dashed line). 

tions with n = 100, and m = 21 (i.e., 20 d.f.1. For 

each case, the a(t) were independent Bernoulli 

random variables with Pr(a(t) = O} = 0.25, that is, 

on the average, 25% of the data were missing. 

Parameter estimation was accomplished using the 

missing data techniques of Shumway of Stoffer 

(1982). Figures 1, 2, and 3 compare the empirical 

distribution function of Q<?,> with the x& distri- 

bution when the autoregressive parameter is 4 = 

0.3, 0.5 and 0.8, respectively. For contrast, the 

0 I I 

0 20 40 

Fig. 2. Monte Carlo distribution of Q(?J for an AR(I) model, 

C#J = 0.5, based on 1000 replications, n = 100, m - p = 20, and 

25% missing data (solid line); distribution function of ,& 

(dotted line); corresponding empirical distribution of Q*(F,) 

(dashed line). 
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0 20 40 

Fig. 3. Monte Carlo distribution of Qt?,) for an AR(l) model, 

d, = 0.8, based on 1000 replications, n = 100, m - p = 20, and 

25% missing data (solid line); distribution function of ,yza 

(dotted line); corresponding empirical distribution of Q *(Fe) 

(dashed line). 

empirical distribution function of Q*(i?,) given in 

(2.1) is also shown in each figure. The Monte 

Carlo results for Q(?,> are similar to those re- 

ported by Ljung and Box (1978) for the non-mis- 

sing data case and we draw the same conclusion; 

that is, the appro~mation should be quite ade- 

quate for most practical purposes. We also note 

that in these simulations, the true upper-tail 

probabilities (significance values) of Q@J are 

slightly larger than predicted by asymptotic the- 

ory. This is in contrast to the simulation results of 

Ljung and Box (1978) and Davies, Triggs and 

Newbold (1977) for the non-missing data case, 

where (1.1) was likely to be smaller than pre- 

dicted by asymptotic theory. Furthermore, we 

note that the values of Q *(Fe> are typically smaller 

than predicted by asymptotics. 

Table 1 

Power of QCt,> assuming an AR(l) model when the true 

model is AR(Z) with real and with complex roots, based on 

1000 replications, m = ‘21, and 25% missing data 

n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlevel Real roots Complex roots 

100 0.05 58.4% 62.4% 

0.01 41.1% 45.6% 

200 0.05 88.8% 93.0% 

0.01 79.8% 82.3% 

Finally, to investigate the power of Qc?,> to 

detect departures from the null, we simulated 

two AR(2) models, one with real roots (#, = 0.4, 

& = 0.551, and one with complex roots (4, = 1, 

(bZ = -0.5). We then fit AR(l) models to the 

generated data and counted the number of times 

that Q<?J with m = 21 rejected the AR01 model 

(based on the xZO * distribution) for 1000 rephca- 

tions; in each case we used independent BernoulIi 

a(t>‘s with Pr{a(t> = 0) = 0.25. Table 1 shows the 

results of the simulations for n = 100 and 200, 

with significance levels of 0.01 and 0.05. Again we 

are lead to the same conclusion: for moderate 

sample sizes, the statistic Q(F,> is adequate for 

most practical purposes. 
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